We study semi-slant warped product submanifolds of a Kenmotsu manifold. We obtain a characterization for warped product submanifolds in terms of warping function and shape operator and finally proved an inequality for squared norm of second fundamental form.
Introduction
In 1 Tanno classified the connected almost contact metric manifold whose automorphism group has maximum dimension, there are three classes: a homogeneous normal contact Riemannian manifolds with constant φ holomorphic sectional curvature if the sectional curvature of the plane section contains ξ, say C X, ξ > 0; b global Riemannian product of a line or a circle and Kaehlerian manifold with constant holomorphic sectional curvature, C X, ξ 0; c a warped product space R × f C n , if C X, ξ < 0.
Manifolds of class a are characterized by some tensorial equations, it has a Sasakian structure and manifolds of class b are characterized by some tensor equations called Cosymplectic manifolds. Kenmotsu 2 obtained some tensorial equations to Characterize manifolds of class c , these manifolds are called Kenmotsu manifolds.
The notion of semi-slant submanifolds of almost Hermitian manifolds was introduced by Papaghiuc 3 after that cabrerizo et al. 4 defined and studied semi-slant submanifolds in the setting of almost contact manifolds.
Bishop and O'Neill 5 introduced the notion of warped product manifolds. These manifolds are generalization of Riemannian product manifolds and occur naturally. Recently, many important physical applications of warped product manifolds have been discovered, giving motivation to study of these spaces with differential geometric point of view. For instance, it has been accomplished that warped product manifolds provide an excellent setting to model space time near black hole or bodies with large gravitational fields c.f., 5-7 . Due to wide applications of these manifolds in physics as well as engineering this becomes a fascinating and interesting topic for research, and many articles are available in literature c.f., 3, 8, 9 . Recently, Atçeken 10 proved that the warped product submanifolds of type N θ × f N T and N θ × f N ⊥ of a Kenmotsu manifold M do not exist where the manifolds N θ and N T resp. N ⊥ are proper slant and invariant resp., anti-invariant submanifolds of Kenmotsu manifold M, respectively. After that Siraj-Uddin et al. 11 investigated warped product of the types N T × f N θ and N ⊥ × f N θ and obtained some interesting results. In this continuation we obtain a characterization and an inequality for squared norm of second fundamental form.
Preliminaries
A 2n 1 dimensional C ∞ manifold M is said to have an almost contact structure if there exist on M a tensor field φ of type 1, 1 , a vector field ξ, and 1-form η satisfying the following properties:
There always exists a Riemannian metric g on an almost contact manifold M satisfying the following conditions:
where X, Y are vector fields on M. An almost contact metric structure φ, ξ, η, g is said to be Kenmotsu manifold, if it satisfies the following tensorial equation 2 :
for any X, Y ∈ T M, where T M is the tangent bundle of M and ∇ denotes the Riemannian connection of the metric g. Moreover, for a Kenmotsu manifold
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Let M be a submanifold of an almost contact metric manifold M with induced metric g and if ∇ and ∇ ⊥ are the induced connection on the tangent bundle TM and the normal bundle T ⊥ M of M, respectively, then Gauss and Weingarten formulae are given by
for each X, Y ∈ TM and N ∈ T ⊥ M, where h and A N are the second fundamental form and the shape operator, respectively, for the immersion of M into M and they are related as
where g denotes the Riemannian metric on M as well as on M.
For any X ∈ TM, we write
where PX is the tangential component and FX is the normal component of φX.
where tN is the tangential component and fN is the normal component of φN. The covariant derivatives of the tensor field P and F are defined as
2.9
From 2.3 , 2.5 , 2.7 and 2.8 we have 
where λ −cos 2 θ. Thus, one has the following consequences of above formulae:
iii the distribution D θ is slant with slant angle θ / 0.
It is straight forward to see that semi-invariant submanifolds and slant submanifolds are semi-slant submanifolds with θ π/2 and D T {0}, respectively.
If μ is invariant subspace under φ of the normal bundle T ⊥ M, then in the case of semislant submanifold, the normal bundle T ⊥ M can be decomposed as
A semi-slant submanifold M is called a semi-slant product if the distributions D T and D θ are parallel on M. In this case M is foliated by the leaves of these distributions.
As a generalization of the product manifolds and in particular of a semi-slant product submanifold, one can consider warped product of manifolds which are defined as 
∇f is the gradient of f and is defined as
for all X ∈ TM. Thus, one assumes that the structure vector field ξ is tangential to N 1 of a warped product submanifold
In this paper we will consider the warped product of the type N θ × f N T and N T × f N θ . The warped product of the type N θ × f N T is called warped product semi-slant submanifolds; this type of warped product is studied by Atçeken 10 , they proved that the warped product N θ × f N T does not exist. The warped product of the type N T × f N θ is called semi-slant warped product; these submanifolds were studied by Siraj-Uddin et al. 11 and they proved the following Lemma 
for any X ∈ TN T and Z ∈ TN θ .
Replacing X by PX in part ii of above lemma one has
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Throughout this section we will study the warped product of the type N T × f N θ , for these submanifolds by Theorem 2.4 we have
for any X ∈ TN T and Z ∈ TN θ . Proof. As N T is totally geodesic in M then ∇ X P Y ∈ TN T and therefore by formula 2.10 :
taking inner product with Z ∈ TN θ we get 3.2 .
Now we have the following Characterization. 
Theorem 3.2. A semi-slant submanifold M of a Kenmotsu manifold M with integrable invariant distribution D T ⊕ ξ and integrable slant distribution D θ is locally a semi-slant warped product if and only if ∇ Z PZ ∈ D θ and there exists a C ∞ -function α on M with Zα 0,
that means h X, Y ∈ μ. Then from 2.11
Since h X, Y ∈ μ, then we have 
3.13
Replacing X by PX, the above equation gives 
3.16
Now, on a semi-slant warped product submanifold of a Kenmotsu manifold, we prove the following. 
where ∇ ln f is the gradient of ln f and 2q is the dimension N θ .
Proof. 
Conclusion
In this paper we study nontrivial warped product submanifolds of a Kenmotsu manifold and in this study there emerge natural problems of finding the estimates of the squared norm of second fundamental form and to find the relation between shape operator and warping function. This study predict the geometric behavior of underlying warped product submanifolds. Further, as it is known that the warping function of a warped product manifold is a solution of some partial differential equations c.f., 8 and most of physical phenomenon is described by partial differential equations. We hope that our study may find applications in physics as well as in engineering.
